The non-abelian generalization of the Holdom model -i.e. a theory with two gauge fields coupled to the kinetic mixing term g tr (Fµν(A)Fµν (B))-is considered. Contrarily to the abelian case, the group structure G × G is explicitly broken to G. For SU (2) this fact implies that the residual gauge symmetry as well as the Lorentz symmetry is spontaneusly broken. We show that this mechanism provides of masses for the involved particles. Also, the model presents instanton solutions with a redefined coupling constant.
I. INTRODUCTION
The search for new extensions of the Standard Model has stimulated the interest of the so called hidden sector of particles, which could interact very weakly with other known particles. In the context of string theory, the hidden sector appears naturally, predicting additional U (1) factors [1, 2, 3, 5] , with interesting phenomenological consequences [4] .
This last idea has been explored in the abelian sector in [6] , by considering two gauge fields interacting via a renormalizable gauge interaction by means of the following lagrangean
where
and
where g is a dimensionless coupling constant, A µ , B µ are abelian gauge fields and the strength tensor F µν is defined as usual, i.e. F µν (A) = ∂ µ A ν − ∂ ν A µ . Equation (1) is the most general Lagrangian containing two gauge fields invariant under U (1) × U ′ (1). Following Holdom [6] and others [7] , (1) can be diagonalized very easily by using the transformation
and (1) becomes
where the electric charge now is redefined asẽ
Thus the goals of the present research are the following: firstly to generalize (1) to the non-abelian case and, secondly, to explore the physical meaning of the kinetic mixing terms. We will show below that this simple extension contains unsuspected properties such as, a) spontaneous symmetry breaking, and hence, appearance of Higgs bosons and massive gauge bosons, and b) vacuum instantons solutions.
The paper is organized as follows; in section II the free non-abelian theory containing two gauge fields is considered. In section III the kinetic mixing terms and its physical implications are discussed. Section IV is devoted to the spontaneous symmetry breaking phenomenon and generation of mass for gauge bosons which is present in the model. Section V contains a discussion on instantons and finally we conclude in section VI with some final remarks and outlook.
II. "FREE" NON-ABELIAN GAUGE FIELD THEORY
In order to expose our results, let us start by considering a model with two "free" gauge fields described by the Lagrangian
where F µν (A) and F µν (B) are the field strengths defined as usual
with A ≡ A a T a and B ≡ B b S b , the gauge potential fields associated to two identical copies of SU (2) and where T a and S a are the generators of SU (2) × SU (2) in a given representation. Thus, T and S are the generators of the first and the second copy of SU (2) respectively.
The full symmetry group of the theory is SU (2) × SU (2), or in other words this system is invariant under the gauge transformations,
and,
where U A and U B are elements of SU (2) × SU (2), which act on the first and the second copy of SU (2) respectively, and they are in general different. Hence, one could define a unified connection A on SU (2) × SU (2), with normalized coupling constant e = 1, transforming as usual, i.e.
on the whole symmetry group. Now, if we identify,
where α and β are constants, and I t,s stands for the identity element of the group in the representations T and S respectively. Then, using (7)- (10) one can check that the following consistency condition
must be fulfilled. In order to find a Lagrangean for A it is convenient to rewrite the generators of the group as follows
and then one can check that
However by defining the combinations
which have the algebra
which is -except by a sign in the last equation-the Lorentz group algebra. More precisely, this is the algebra for the rotations in R 4 , i.e., SO (4) . With this in mind, we can extend the inner space in such a way that instead of having a, b = 1, 2, 3 we will have α, β = 1, 2, 3, 4.
In this language, one can unify the two kind of generators as
and, therefore, the algebra (14) is summarized as
We know the representations of this group, which can be thought of as the Lorentz group representations, but changing η µν for −δ αβ . In particular, the simplest nontrivial representation is given by the Dirac's matrices in the four-dimensional Euclidean space, where we use iγ 0 for Γ 0 and the other matrices as usual, i.e.,
where σ 0 =σ 0 = iI 2 , and σ a = −σ a are the Pauli matrices for a = 1, 2, 3. Then, the representation for the generators are,
In particular,
and the analogous of γ 5 becomes
This matrix has the property that {Γ 5 , Γ α } = 0, and
This means that an element of SU (2) × SU (2) might be expressed like,
for matrices U A and U B in SU (2) of the form, 
So, in this representation,
Then with these facts in mind, one can see that the Lagrangean L 0 can be written in terms of the curvature associated to A. It reads,
where the coefficients a and a 5 are defined as
The Lagrangean (21) and (22), of course, are equivalent to (6) with that choice for a and a 5 . At this level one should note the following; firstly one can describe the "free" case using two formalisms, namely, in terms of A or in term of the pair (A, B) and both are equivalent descriptions. Secondly, these two descriptions can be physically interpreted following a simple formal analogy with fermions.
Indeed, let us assume a free massless fermion field which is described either by chiral fields or by Dirac ones. In the first case the Lagrangean for the chiral fields is
which is explicitly invariant under the chiral symmetry
The second possibility is to use Dirac fields and the Lagrangean reads
which is invariant under the chiral and gauge symmetry transformations
and, obviously, the Dirac version is also invariant under SU (2) × SU (2). So either versions are equivalent. In our case at hands the fields A and B are the analogous of chiral fields ψ L and ψ R and -only in this sense, of course-(6) is a chiral description for two gauge fields. The field A is the analogous of a Dirac field withψγ 5 ∂ / ψ playing the role of tr F (A)Γ 5 F (A) . Thus, an interesting point is the following; if a mass term in a fermionic theory breaks chiral symmetry, then, what is the analogous of a mass term in a gauge field theory as is discussed here?, and what are the physical implications?. We will answer these questions in the next section.
III. INCLUDING NON-ABELIAN KINETIC MIXING TERMS
Following the analogies discussed above we will consider the analogous of a "mass" term for a theory with two nonabelian gauge fields. This term should break partially the gauge symmetry in the same sense that SU (2) × SU (2) ∼ SU (2) in the fermionic case when a term like m(ψ † L ψ R + ψ † R ψ L ) or mψψ is added to (25) or (26). In a field theory involving two gauge fields, however, this partial gauge symmetry breaking has important physical consequences as we will see below.
It is not difficult to see that this mass term must be
which, in turn, can be thought of as a non-abelian generalization of the Holdom and Okun model outlined in the introduction.
This term breaks partially the gauge symmetry SU (2) × SU (2) because if we perform the transformations (7)- (8), one finds
where Λ is in the adjoint representation of the SU (2). Thus, we must restrict ourselves to those transformations in SU (2) × SU (2) such that
in order to keep them as symmetry transformations. Hence the residual symmetry becomes equivalent to SU (2). By writting the A field as,
where we have defined,
one can see that under a gauge transformation that preserves the mass term, namely with U A = U B ≡ U , the fields Z and W transform as follows,
This says that Z is a gauge potential under the residual gauge symmetry, and W transforms in the adjoint representation. In order to write down the mixing term in terms of the A field, and hence in terms of the Z and W fields, let us consider the the product Γ 0 F µν (A)Γ 0 . It is actually easy to see that,
And, then, the mixing term can be rewriten as,
It is worthy to notice that the special role of the Γ 0 matrix of these term mimics the role of the γ 0 matrix in the fermionic analogy suggested above, and this fact justifies the "massive" name for this term.
The full Lagrangean of this "massive" model in terms of the connection A is, then,
Following the fermionic analogy, SU 5 (2) invariance is broken in the same sense as chiral symmetry is broken in a massive fermionic field theory. As we will see in the next section, some physical consequences of the model described by (35) can be understood more easily by expressing (35) in terms of Z a µ and W a µ . Then in terms of these fields the strength tensor is
where the covariant derivative is
describes the full dynamics of a gauge field theory including the "massive" term (29).
IV. SPONTANEOUS SYMMETRY BREAKING AND MASS FOR Z a µ
The Lagrangean (39) contains several interesting physical properties as we will see in this section. The fact that we explicitly broke the full symmetry has a non trivial consequence; the residual SU (2) symmetry is spontaneusly broken. As we pointed out at the end of the last section, Z a µ is a genuine gauge potential whereas W a µ is a vector field playing a role similar to the scalar one in the Higgs model.
To prove this statement, let us consider the lagrangean (39) with Z put to zero. Then, the potential energy for W , neglecting the spatial derivatives of W , is given, in the Euclidean space, by,
where the notation W c · W c means W Now, we claim a nonvanishing vacuum expectation value for the field W , and then we redefine it in order to have expectation values on the vacuum equal to zero for the physical fields ω, i.e.,
To see the consistency of the above statement, we must see if it corresponds to an extremal point for the potential, i.e., we must impose the condition,
This expression produces the set of equations,
It is easy to see -although not quite straightforward-that these equations have the general solution,
where v is an undetermined constant,λ a andê µ are the components of unitary vectors in the inner and Euclidean spaces respectively, i.e.,
So far, we have supposed that we are working in the Euclidean space, but, in short, we will see how it works for the Minkowski space. The next question is whether or not these vacua are stable. In order to answer this question one must check the sign of the mass matrix, namely, to see that, 1 2
for any direction of ω. For our potential and the solutions (45), this yields, 1 2
However the condition (46) is satisfied only if,
At this point it is worth noting that in the Minkowski space the only well defined matrix, i.e. positive or negative, is whenê is a temporal-like vector, but becauseê 2 = −1 this matrix is negative defined. However, in the Minkowski space the potential energy has a different sign from the Euclidean potential energy, and hence, the Minkowski energy potential is positive defined for a temporal-like vectorê, and the answer does not change for the Minkowski space.
Thus assuming that (48) is hold, we obtain a nonvanishing mass for the W physical fields, i.e. we obtain,
for six of the twelve degrees of freedom associated to W a µ , and the other six massless excitations are Goldstone bosons. This last fact can be seen more clearly by choosing an orthonormal basis such that, e 4 = e and e i with i = 1, 2, 3, a set of three orthonormal vectors to e and to each other. Also, by choosingλ 3 =λ andλ A with A = 1, 2. In this basis, the mass matrix is diagonal and it is written as,
which says that only those components of W of the form,
Therefore although the mass of W a µ is hidden in the Lagrangean, the spontaneous symmetry breaking make it explicit.
Next step is to consider the coupling to the Z bosons. Following the standard arguments we can use the gauge freedom in order to remove two massless W bosons by choosing U such that
where U can be expressed as,
for some suitable functions Ψ 1 (x) and Ψ 2 (x). With this transformation the Z field changes as usual,
The massless components W can be gauged out and, therefore, the mass matrix for this sector is,
These bosons will be stable if m 2 Z ≥ 0, therefore taking in account (48), the condition for having stable massive bosons is that,
Otherwise, the vacuum is not spontaneusly broken and there would not be mass bosons. The spectrum is then the following: one U (1) massless gauge field Z i and ω can be removed by a general coordinate transformation and, therefore, they do not not contribute to the spectrum in this sector.
One should note that in the case g = 0 the gauge symmetry SU (2) × SU (2) is recovered and, therefore, the mass terms are forbidden by the full gauge symmetry even though the mass expression is different from zero. Indeed, the shifting in the vacuum, (42), can be removed by a suitable gauge transformation.
V. INSTANTONS AND KINETIC MIXING TERMS
The model discussed above also have classical instanton solutions. Indeed, let us consider -as a warm-up exercisethe "free" case where the action in terms of two fields is
Then assuming self-duality conditions F µν (A) =F µν (A) and F µν (B) =F µν (B) one finds
which is the standard instanton solution for two non-interacting gauge fields. If we add the kinetic mixing terms (29) and we use (39) one finds that the relevant part of the action for the instanton calculations is
The other terms vanishes in R 4 when |x| → ∞ and, therefore, after to use the self-duality condition for F µν (Z) one finds
where the redefined coupling constant isẽ 
Thus, in this SU (2) case, the coupling constant also is redefined as in the Holdom model. The physical reasons, however, are completely different.
VI. FINAL REMARKS
In this paper a non-abelian extension of the Holdom model has been proposed. Contrarily to the abelian counterpart, the term trF µν (A)F µν (B) breaks partially the SU (2) × SU (2) symmetry to SU (2) implying interesting new physical properties. Among these new properties one can point out the following; the partial gauge symmetry breaking implies that only the combination (33) transforms as a gauge potential. Whereas (34) transforms as a matter field in the adjoint representation.
A careful analysis shows that the model proposed here is compatible with spontaneous symmetry breaking. Therefore, it provides mass for W a µ as in the standard Goldstone mechanism. Furthermore, the vector character of W a µ induces a spontaneous Lorentz symmetry breaking.
By coupling the Z a µ gauge fields to W a µ , some gauge bosons acquire mass as in the Higgs mechanism. Therefore, the model proposed here becomes equivalent to a vector Higgs mechanism. This fact together with the spontaneous Lorentz symmetry breaking seems like recent works on modified gravity [9] and composite model discussions [10, 11, 12, 13] .
Another interesting aspect of this model is that the presence of an instanton solution suggests additional non-trivial properties of the vacuum. Furthermore, the coupling constat is effectively redefinedẽ. This last fact could control possible divergences due to the explicit symmetry breaking, however, a proof of the renormalizability of the model proposed here is out of the scope of this paper.
